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• . Abstract. The notion of weak truth-table reducibihty plays an important role in re- 

"^ , cursion theory. In this paper, we introduce an elaboration of this notion, where a 

■ ' computable bound on the use function is explicitly specified. This elaboration enables 

us to deal with the notion of asymptotic behavior in a manner like in computational 
complexity theory, while staying in computability theory. We apply the elaboration 
^ to sets which appear in the statistical mechanical interpretation of algorithmic infor- 

\^ • mation theory. We demonstrate the power of the elaboration by revealing a critical 

Tij" , phenomenon, i.e., a phase transition, in the statistical mechanical interpretation, which 

cn 

o 



cannot be captured by the original notion of weak truth-table reducibility. 
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c^ ■ 1 Introduction 

The notion of weak truth-table reducibility plays an important role in recursion theory (see e.g. [17^ 
USUI])- For any sets A,B <Zf^, we say that A is weak truth-table reducible to B, denoted A <wtt B, 
if there exist an oracle Turing machine M and a total recursive function ^r : N — >• N such that A is 
Turing reducible to B via M and, on every input n € N, M only queries natural numbers at most 
g{n). In this paper, we introduce an elaboration of this notion, where the total recursive bound g on 
the use of the reduction is explicitly specified. In doing so, in particular we try to follow the fashion 
in which computational complexity theory is developed, while staying in computability theory. 
We apply the elaboration to sets which appear in the theory of program-size, i.e., algorithmic 



*A preliminary version of this work was presented under the title "One-wayness and two-wayness in algorithmic 
randomness", at the 5th Conference on Logic, Computability and Randomness, May 24-28, 2010, University of Notre 
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information theory (AIT, for short) [9l[2lll6|,lllj. The elaboration, called reducibility in query size 
f, is introduced as follows. 

Definition 1.1 (reducibility in query size /). Let /: N — >■ N, and let A,Bc {0, 1}*. We say that 
A is reducible to B in query size f if there exists an oracle deterministic Turing machine M such 
that 

(i) A is Turing reducible to B via M , and 
(a) on every input x € {0, 1}*, M only queries strings of length at most /(|2;|). D 

For any fixed sets A and B, the above definition allows us to consider the notion of asymptotic 
behavior for the function / which bounds the use of the reduction, i.e., which imposes the restriction 
on the use of the computational resource (i.e., the oracle B). Thus, by the above definition, even 
in the context of computability theory, we can deal with the notion of asymptotic behavior in a 
manner like in computational complexity theory. Recall here that the notion of input size plays 
a crucial role in computational complexity theory since computational complexity such as time 
complexity and space complexity is measured based on it. This is also true in AIT since the 
program-size complexity is measured based on input size. Thus, in Definition 11.11 we consider a 
reduction between subsets of {0, 1}* and not a reduction between subsets of N as in the original weak 
truth-table reducibility. Moreover, in Definition 1 1 . 1 1 we require the bound /(|a;|) to depend only on 
input size |x| as in computational complexity theory, and not on input x itself as in the original 
weak truth-table reducibility. We pursue a formal correspondence to computational complexity 
theory in this manner, while staying in computability theory. 

In this paper we demonstrate the power of the notion of reducibility in query size / in the 
context of AIT. In [8] Chaitin introduced il. number as a concrete example of random real. His Q 
is defined as the probability that an optimal prefix-free machine U halts, and plays a central role 
in the development of AIT. Here the notion of optimal prefix-free machine is used to define the 
notion of program-size complexity H(s) for a finite binary string s. The first n bits of the base-two 
expansion of Q solve the halting problem of the optimal prefix-free machine U for all binary inputs 
of length at most n. Using this property, Chaitin showed f] to be a random real. Let dom U be 
the set of all halting inputs for U. Calude and Nies [5j, in essence, showed the following theorem 
on the relation between the base-two expansion of and the halting problem dom U. 

Theorem 1.2 (Calude and Nies [5j). il. and domC^ are weak truth-table equivalent. Namely, 
^ l^wtt domU and douiU <wtt ^- D 

In [21] we generalized O to Z{T) by 

Z{T)= Y. 2-- (1) 

pGdom U 

SO that the partial randomness of Z{T) equals to T if T is a computable real with < T < l|^ 
Here the notion of partial randomness of a real is a stronger representation of the compression rate 
of the real by means of program-size complexity. The real function Z{T) of T is a function of class 
C°° on (0, 1) and an increasing continuous function on (0, 1]. In the case of T = 1, Z[T) results in 
f], i.e., Z[l) = Vt. We can show Theorem 11.31 below for Z(T). This theorem follows immediately 
from stronger results. Theorems 16.11 and 16. 2^ which are two of the main results of this paper. 



^In [21], Z{T) is denoted by Q.'^ 



Theorem 1.3. Suppose that T is a computable real with < T < 1. Then Z[T) and doinC/ are 
weak truth-table equivalent. D 

When comparing Theorem 11.21 and Theorem 11.31 we see that there is no difference between 
T = 1 and T < 1 with respect to the weak truth-table equivalence between Z{T) and domC/. 
In this paper, however, we show that there is a critical difference between T = 1 and T < 1 in 
the relation between Z{T) and domU from the point of view of the reducibility in query size /. 
Based on the notion of reducibility in query size /, we introduce the notions of unidirectionality 
and bidirectionality between two sets A and B in this paper. These notions enable us to investigate 
the relative computational power between A and B. 

Theorems 14.11 and 14.21 below are two of the main results of this paper. Theorem 14.11 gives 
a succinct equivalent characterization of / for which il. is reducible to dom U in query size / and 
reversely Theorem 14.21 gives a succinct equivalent characterization of / for which domU is reducible 
to fl in query size /, both in a general setting. Based on them, we show in Theorem 14.31 below that 
the computation from ri to dom U is unidirectional and the computation from dom [/ to ri is also 
unidirectional. On the other hand. Theorems 16.11 and 16.21 below are also two of the main results of 
this paper. Theorem 16. II gives a succinct equivalent characterization of / for which Z{T) is reducible 
to dom U in query size / and reversely Theorem 16.21 gives a succinct equivalent characterization 
of / for which douiU is reducible to Z(T) in query size /, both in a general setting, in the case 
where T is a computable real with < T < 1. Based on them, we show in Theorem 16.31 below 
that the computations between Z{T) and dom U are bidirectional if T is a computable real with 
< T < 1. In this way the notion of reducibility in query size / can reveal a critical difference of 
the behavior of Z{T) between T = 1 and T < 1, which cannot be captured by the original notion 
of weak truth-table reducibility. 

In our former work [25] we considered some elaboration of weak truth-table equivalence between 
and domU and showed the unidirectionality between them in a certain form. Compared with 
this paper, however, the treatments of [25] were insufficient in the correspondence to computational 
complexity theory. In this paper, based on the notion of reducibility in query size /, we sharpen the 
results of [25] with a thorough emphasis on a formal correspondence to computational complexity 
theory. 

1.1 Statistical Mechanical Interpretation of AIT as Motivation 

In this subsection we explain the motivation of this work. The readers can skip this subsection if 
they are not interested in the motivation. 

In [23] we introduced and developed the statistical mechanical interpretation of AIT. We there 
introduced the thermodynamic quantities at temperature T, such as partition function Z(T), free 
energy F{T), energy E(T), statistical mechanical entropy S(T), and specific heat C{T), into AIT. 
These quantities are real functions of a real argument T > 0, and are introduced based on douiU 
in the following manner. 

In statistical mechanics, the partition function Zsra{T), free energy Fsiii(T), energy Esra{T), 
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entropy Ssml^), and specific heat Csm{T) at temperature T are given as follows: 

CsmlT") = -j^EsmiT), 

where X is a complete set of energy eigenstates of a quantum system and Ex is the energy of 
an energy eigenstate x. The constant k^ is called the Boltzmann Constant, and the In denotes 
the natural logarithm. For the meaning and importance of these thermodynamic quantities in 
statistical mechanics, see e.g. Chapter 16 of [l] or Chapter 2 of [29] PI 

In [23] we introduced thermodynamic quantities into AIT by performing Replacements [1] below 
for the thermodynamic quantities ([2]) in statistical mechanics. 

Replacements 1. 

(i) Replace the complete set X of energy eigenstates x by the set domU of all programs p for U . 
(a) Replace the energy E^ of an energy eigenstate x by the length \p\ of a program p. 
(Hi) Set the Boltzmann Constant A;b to l/ln2o D 

For example, based on Replacements [H the partition function Z{T) at temperature T is intro- 
duced from ([2]) as Z{T) = X^pgdomC/^" ■ This is precisely Z{T) defined by ([1]). In general, the 
thermodynamic quantities in AIT are variants of Chaitin il number. 

In [23] we proved that if the temperature T is a computable real with < T < 1 then, for each 
of the thermodynamic quantities Z{T), F{T), E{T), S(T), and C(T), the partial randomness of its 
value equals to T. Thus, the temperature T plays a role as the partial randomness (and therefore the 
compression rate) of all the thermodynamic quantities in the statistical mechanical interpretation 
of AIT. In [23] we further showed that the temperature T plays a role as the partial randomness 
of the temperature T itself, which is a thermodynamic quantity of itself in thermodynamics or 
statistical mechanics. Namely, we proved the fixed point theorem for partial randomness^ which 
states that, for every T € (0, 1), if the value of the partition function Z(T) at temperature T is 
a computable real, then the partial randomness of T equals to T, and therefore the compression 
rate of T equals to T, i.e., liuin^Qo H(T\n)/n = T, where T|"„ is the first n bits of the base-two 
expansion of T. 

In our second work L24J on the interpretation, we showed that a fixed point theorem of the same 
form as for Z{T) holds also for each of free energy F{T), energy E{T), and statistical mechanical 
entropy S{T). Moreover, based on the statistical mechanical relation F{T) = —Tlog2Z{T), we 



^ To be precise, the partition function is not a thermodynamic quantity but a statistical mechanical quantity. 
The so-called Boltzmann's entropy formula has the form Ssm = ks In W, where W is the number of microstates 
consistent with a given macrostate. By setting /cb ~ 1/ In 2, the Boltzmann formula results in the form Ssm = logj W . 
Thus, since the logarithm is to the base 2 in the resultant formula, Replacements [T] (iii) is considered to be natural 
from the points of view of AIT and classical information theory. 

^The fixed point theorem for partial randomness is called a fixed point theorem on compression rate in [23| . 



showed that the computabihty of F{T) gives completely different fixed points from the computabil- 
ityof Z(r). 

In the third work [27], we pursued the formal correspondence between the statistical mechanical 
interpretation of AIT and normal statistical mechanics further, and then unlocked the properties 
of the sufficient conditions (i.e., the computabihty of Z(T), F{T), E{T), or S{T) for T) for the 
fixed points for partial randomness further. Recall that the thermodynamic quantities in AIT are 
defined based on the domain of definition of an optimal prefix- free machine U. In [27j, we showed 
that there are infinitely many optimal prefix-free machines which give completely different sufficient 
conditions in all of the thermodynamic quantities in AIT. We did this by introducing the notion 
of composition of prefix-free machines into AIT, which corresponds to the notion of composition of 
systems in normal statistical mechanics. 

How are Replacements [1] justified ? Generally speaking, in order to give a statistical mechanical 
interpretation to a framework which looks unrelated to statistical mechanics at first glance, it is 
important to identify a microcanonical ensemble in the framework. Once we can do so, we can 
easily develop an equilibrium statistical mechanics on the framework according to the theoretical 
development of normal equilibrium statistical mechanics. Here, the microcanonical ensemble is a 
certain sort of uniform probability distribution. In fact, in the work [22] we developed a statistical 
mechanical interpretation of the noiseless source coding scheme in information theory by identifying 
a microcanonical ensemble in the scheme. Then, based on this identification, in [22j the notions in 
statistical mechanics such as statistical mechanical entropy, temperature, and thermal equilibrium 
are translated into the context of noiseless source coding. 

Thus, in order to develop a total statistical mechanical interpretation of AIT, it is appropriate 
to identify a microcanonical ensemble in the framework of AIT. Note, however, that AIT is not a 
physical theory but a purely mathematical theory. Therefore, in order to obtain significant results 
for the development of AIT itself, we have to develop a statistical mechanical interpretation of 
AIT in a mathematically rigorous manner, unlike in normal statistical mechanics in physics where 
arguments are not necessarily mathematically rigorous. A fully rigorous mathematical treatment of 
statistical mechanics is already developed (see Ruelle [H]). At present, however, it would not as yet 
seem to be an easy task to merge AIT with this mathematical treatment in a satisfactory manner. 
In our former works [231 [24} [27] mentioned above, for mathematical strictness we developed a 
statistical mechanical interpretation of AIT in a different way from the idealism above. We there 
introduced the thermodynamic quantities at temperature T into AIT by performing Replacements [Tj 
for the corresponding thermodynamic quantities ([2]) at temperature T in statistical mechanics. We 
then obtained the various rigorous results, as reviewed in the above. 

On the other hand, in the work [28] we showed that, if we do not stick to the mathematical 
strictness of an argument, we can certainly develop a total statistical mechanical interpretation of 
AIT which attains a perfect correspondence to normal statistical mechanics. In the total interpre- 
tation, we identify a microcanonical ensemble in AIT in a similar manner to [22], based on the 
probability measure which gives Chaitin J7 number the meaning of the halting probability actu- 
ally. This identification clarifies the meaning of the thermodynamic quantities of AIT, which are 
originally introduced by [23j in a rigorous manner based on Replacements [H 

In the present paper, we continue the rigorous treatment of the statistical mechanical interpre- 
tation of AIT performed by our former works [23' '24', '27] . As a result, we reveal a new aspect of the 
thermodynamic quantities of AIT. The work [23] showed that the values of all the thermodynamic 
quantities, including Z(T), diverge when the temperature T exceeds 1. This phenomenon may be 



regarded as phase transition in statistical mechanics. The present paper reveals a new aspect of 
the phase transition by showing the critical difference of the behavior of Z{T) between T = 1 and 
r < 1 in terms of reducibility in query size /. 

1.2 Organization of the Paper 

We begin in Section [2] with some preliminaries to AIT and partial randomness. In Section [5] we 
investigate simple properties of the notion of reducibility in query size / and introduce the notions 
of unidirectionality and bidirectionality between two sets based on it. We then show in Section [4] 
the unidirectionality between Q and dom [/ in a general setting. In Section [5] we present theorems 
which play a crucial role in establishing the bidirectionality in Section [H Based on them, we show 
in Section [6] the bidirectionality between Z{T) and douiU with a computable real T E (0,1) in a 
general setting. We conclude this paper with the remarks on the origin of the phase transition of 
the behavior of Z{T) between T = 1 and T < 1 in Section [71 

2 Preliminaries 

2.1 Basic Notation 

We start with some notation about numbers and strings which will be used in this paper. N = 
{0, 1, 2, 3, ... } is the set of natural numbers, and N+ is the set of positive integers. Z is the set 
of integers, and Q is the set of rationals. M is the set of reals. A sequence {a„}„gN of numbers 
(rationals or reals) is called increasing if ffln+i > ^n for all n G N. 

Normally, o{n) denotes any function /: N+ -^ M such that lim„^oo /(^)/'^ = 0. On the other 
hand, 0(1) denotes any function g: N"^ — )• M such that there is C G M with the property that 
\g{n)\ < Cfor ah n G N+. 

{0, 1}* = {A, 0, 1, 00, 01, 10, 11, 000, 001, 010, . . . } is the set of finite binary strings where A de- 
notes the empty string, and {0, 1}* is ordered as indicated. We identify any string in {0, 1}* with 
a natural number in this order, i.e., we consider tp: {0, 1}* -^ N such that (p{s) = Is — 1 where 
the concatenation Is of strings 1 and s is regarded as a dyadic integer, and then we identify s 
with (p{s). For any s G {0, 1}*, \s\ is the length of s. For any n G N, we denote by {0, 1}" the 
set { s I s G {0,1}* &: [s[ = n}. A subset S of {0,1}* is called prefix-free if no string in 5 is a 
prefix of another string in S. For any subset S of {0, 1}* and any n G N, we denote by S\n the set 
{s G S* I |s| < n}. For any function /, the domain of definition of / is denoted by dom/. We write 
"r.e." instead of "recursively enumerable." 

Let a be an arbitrary real. \_a\ is the greatest integer less than or equal to a, and [a] is the 
smallest integer greater than or equal to a. For any n G N, we denote by a\n€ {0, 1}* the first n 
bits of the base-two expansion of q — [aj with infinitely many zeros. For example, in the case of 
a = 5/8, a\Q= 101000. On the other hand, for any non-positive integer n G Z, we set af„= A. 

A real a is called r.e. if there exists a computable, increasing sequence of rationals which 
converges to a. An r.e. real is also called a left- computable real. We say that a real a is computable 
if there exists a computable sequence {an}neN of rationals such that |a — Onl < 2~" for all n G N. 
It is then easy to see that, for every real a, the following four conditions are equivalent: (i) a is 
computable, (ii) a is r.e. and —a is r.e. (iii) If /: N — > Z with f{n) = lari] then / is a total 
recursive function, (iv) If g: N ^ Z with g{n) = [an\ then g is a total recursive function. 



2.2 Algorithmic Information Theory 

In the following we concisely review some definitions and results of AIT O O |2l [TBI lll| - A 
prefix-free machine is a partial recursive function F: {0, 1}* -^ {0, 1}* such that douiF is a prefix- 
free set. For each prefix-free machine F and each s G {0,1}*, Hp{s) is defined by Hf{s) = 
min I IpI I p € {0, 1}* & -^(p) = s } (may be oo). A prefix-free machine U is said to be optimal if 
for each prefix-free machine F there exists d € N with the following property; if p G domF, then 
there is g G dom U for which U{q) = F{p) and \q\ < \p\+d. It is then easy to see that there exists an 
optimal prefix-free machine. We choose a particular optimal prefix-free machine U as the standard 
one for use, and define H{s) as Hij(s), which is referred to as the program-size complexity of s, 
the information content of s, or the Kolmogorov complexity of s \\.2 \ 114 ^ 18]. For any s,t G {0,1}*, 
we define H{s,t) as H{b{s,t)), where b: {0,1}* x {0,1}* -^ {0,1}* is a particular bijective total 
recursive function. 

Chaitin [8j introduced 0, number as follows. For each optimal prefix-free machine V, the halting 
probability Qy oi V is defined by 

Qy= ^ 2-IPl. 
pSdom V 

For every optimal prefix- free machine V, since doml/ is prefix- free, Oy converges and < fiy < 1. 
For any a G M, we say that a is weakly Chaitin random if there exists c G N such that n—c < H{a\n) 
for all n G N"*" [8l[9]. Chaitin [8] showed that i^v is weakly Chaitin random for every optimal prefix- 
free machine V. Therefore < Qy < 1 for every optimal prefix- free machine V. 

Let M be a deterministic Turing machine with the input and output alphabet {0, 1}, and let F 
be a prefix-free machine. We say that M computes F if the following holds: for every p G {0, 1}*, 
when M starts with the input p, (i) M halts and outputs F{p) if p G domF; (ii) M does not 
halt forever otherwise. We use this convention on the computation of a prefix-free machine by a 
deterministic Turing machine throughout the rest of this paper. Thus, we exclude the possibility 
that there is p G {0, 1}* such that, when M starts with the input p, M halts but p ^ domF. For 
any p G {0, 1}*, we denote the running time of M on the input p by Tm{p) (may be oo). Thus, 
Tm{p) £ f^ for every p G domF if M computes F. 

We define Lm = min{ |p| | p G {0, 1}* & M halts on input p} (may be oo). For any n > Lm, 
we define I^^ as the set of all halting inputs p for M with |p| < n which take longest to halt 
in the computation of M, i.e., as the set {p G {0,1}* | |p| < n &: Tm{p) = TJ^j} where T^ is 
the maximum running time of M on all halting inputs of length at most n. In the work |25j . we 
slightly strengthened the result presented in Chaitin [9] to obtain Theorem 12.11 below (see Note in 
Section 8.1 of Chaitin |9j). We include the proof of Theorem 12.11 in Appendix |A] since the proof is 
omitted in the work 



Theorem 2.1 (Chaitin ^ and Tadaki [25j). Let V be an optimal prefix-free machine, and let M 
be a deterministic Turing machine which computes V. Then n = H{n,p) + 0(1) = H{p) + 0(1) 
for all {n,p) with n > Lm and p G I^f- D 

2.3 Partial Randomness 

In the work [21j, we generalized the notion of the randomness of a real so that the degree of 
the randomness, which is often referred to as the partial randomness recently [BJ [TSl [7], can be 
characterized by a real T with < T < 1 as follows. 



Definition 2.2. Let T € [0, 1] and let a £M. We say that a is weakly Chaitin T-random if there 
exists c € N such that, for all n € N"*", Tn — c < H{a\n)- D 

In the case of T = 1, the weak Chaitin T-randoniness results in the weak Chaitin randomness. 

Definition 2.3. Let T € [0, 1] and let a G M. We say that a is T -compressible if H{a |"„) < 
Tn + o{n), namely, if limsupj^^^ H{a\n) /n < T. We say that a is strictly T -compressible if there 
exists d G N such that, for all n G N"*", H{a\n) < Tn + d. D 

For every T G [0, 1] and every a G R, if a is weakly Chaitin T-random and T-compressible, 
then lining ooH{a\n)/n = T, i.e., the compression rate of a equals to T. 

In the work [21], we generalized Chaitin il number to Z{T) as follows. For each optimal prefix- 
free machine V and each real T > 0, the partition function Zv{T) of V at temperature T is defined 
by 

ZyiT)= Y. 2^*- 

pGdom V 

Thus, Zy{\) = VLy. If < T < 1, then Zv{T) converges and < Zv{T) < 1, since Zv(T) < i^v < 
1. The following theorem holds for Zv{T). 

Theorem 2.4 (Tadaki [21]). Let V be an optimal prefix-free machine. 

(i) If < T < 1 and T is computable, then Zy{T) is an r.e. real which is weakly Chaitin 
T-random and T-compressible. 

(a) // 1 < r, then Zv{T) diverges to oo. D 

An r.e. real has a special property on partial randomness, as shown in Theorem 12.61 below. For 
any r.e. reals a and /3, we say that a dominates f3 if there are computable, increasing sequences {««} 
and {bn} of rationals and c G N"*" such that lim„_j.oo a„ = a, lim„_j.oo bn = /3, and c{a — an) > P — bn 
for allnGN pO]. 

Definition 2.5 (Tadaki |2BJ). Let T G (0,1]. An increasing sequence {on} of reals is called T- 
convergent if X]^o('^"+i ~ ^n.)^ < oo. An r.e. real a is called T -convergent if there exists a 
T -convergent computable, increasing sequence of rationals which converges to a. An r.e. real a is 
called Q(T) -like if it dominates all T- convergent r.e. reals. D 



Theorem 2.6 (equivalent characterizations of partial randomness for an r.e. real, Tadaki |26j). 

Let T be a computable real in (0,1], and let a be an r.e. real. Then the following three conditions 
are equivalent: (i) a is weakly Chaitin T-random. (ii) a is Vt{T)-like. (Hi) For every T-convergent 
r.e. real /3 there exists d G N such that, for all n G N"*", ff(/3f„) < H{a\n) -\- d. D 

3 Reducibility in Query Size / 

In this section we investigate some properties of the notion of reducibility in query size / and 
introduce the notions of unidirectionality and bidirectionality between two sets. 

Note first that, for every A C {0, 1}*, A is reducible to A in query size n, where "n" denotes the 
identity function /: N — t- N with /(n) = n. We follow the notation in computational complexity 
theory. 

The following are simple observations on the notion of reducibility in query size /. 



Proposition 3.1. Let f : ^ ^ N and g: n ^ N, and let A,B,C C {0,1}*. 

(i) If A is reducible to B in query size f and B is reducible to C in query size g, then A is 
reducible to C in query size g o f. 

(a) Suppose that f{n) < g{n) for every n E N. If A is reducible to B in query size f then A is 
reducible to B in query size g. 

(Hi) Suppose that A is reducible to B in query size f. If A is not recursive then f is unbounded. D 

Definition 3.2. An order function is a non- decreasing total recursive function /: N — >■ N such that 
lim„^oo /(n) = oo. D 

Let / be an order function. Intuitively, the notion of the reduction of A to S in query size / 
is equivalent to that, for every n G N, if n and -B|"j(„) are given, then A\n can be calculated. We 
introduce the notions of unidirectionality and bidirectionality between two sets as follows. 

Definition 3.3. Let A,Bc {0,1}*. We say that the computation from A to B is unidirectional 
if the following holds: For every order functions f and g, if B is reducible to A in query size f 
and A is reducible to B in query size g then the function g{f{n)) — n of n € f^ is unbounded. We 
say that the computations between A and B are bidirectional if the computation from A to B is not 
unidirectional and the computation from B to A is not unidirectional. D 

The notion of unidirectionality of the computation from ^ to i? in the above definition is, in 
essence, interpreted as follows: No matter how a order function / is chosen, if / satisfies that B\n 
can be calculated from n and A\ti^\, then A\fi^\ cannot be calculated from n and -Bfn+o(i)- 

In order to apply the notion of reducibility in query size / to a real, we introduce the notion of 
prefixes of a real as follows. 

Definition 3.4. For each a G M, the prefixes Pf(a) of a is the subset o/{0, 1}* defined by Pf(a) = 
{af„|neN}. D 

The notion of prefixes of a real is a natural notion in AIT. For example, the notion of weak 
Chaitin randomness of a real a can be rephrased as that there exists d € N such that, for every 
X € Pf(a), l^l < H[x) + d. The following proposition is a restatement of the well-known fact that, 
for every optimal prefix- free machine V , the first n bits of the base- two expansion of Vty solve the 
halting problem of V for inputs of length at most n. 

Proposition 3.5. Let V be an optimal prefix-free machine. Then doml/ is reducible to Y'i[Viv) ^^ 
query size n. D 

4 Unidirectionality 

In this section we show the unidirectionality between ^u and dom [/ in a general setting. Theo- 
rems HTT] and [3]2] below are two of the main results of this paper. 

Theorem 4.1 (elaboration of ilf/ <wtt domf/). Let V and W be optimal prefix-free machines, and 
let f be an order function. Then the following two conditions are equivalent: 

(i) Pf(riy) is reducible to domH^ in query size f{n) + 0(1). 



Theorem 14.11 is proved in Subsection 14.11 below. Theorem 14.11 corresponds to Theorem 4 of 
Tadaki [25] , and is proved by modifying the proof of Theorem 4 of [25] . Let V and W be optimal 
prefix-free machines. The implication (ii) =^ (i) of Theorem 14. II results in, for example, that Pf(Oy) 
is reducible to doml4/^ in query size n + [(1 + e) log2 n\ + 0(1) for every real e > 0. On the other 
hand, the implication (i) => (ii) of Theorem 14. II results in, for example, that Pf(i7y) is not reducible 
to domVF in query size n+ [log2?^J +0(1) and therefore, in particular, Pf(Oy) is not reducible to 
dom VF in query size n + 0(1). 

Theorem 4.2 (elaboration of domU <wtt ^u)- Let V and W he optimal prefix-free machines, and 
let f be an order function. Then the following two conditions are equivalent: 

(i) domiy is reducible to Pf(riv') in query size f{n) + 0(1). 

(ii) n</(n) + 0(l). D 

Theorem 14.21 is proved in Subsection 14.21 below. Theorem 14.21 corresponds to Theorem 11 of 
Tadaki [25], and is proved by modifying the proof of Theorem 11 of [25]. The implication (ii) => (i) 
of Theorem 14.21 results in that, for every optimal prefix-free machines V and W , doraW is reducible 
to Pf(riv') in query size n + 0(1). On the other hand, the implication (i) ^ (ii) of Theorem 14.21 
says that this upper bound "n + 0(1)" of the query size is, in essence, tight. 

Theorem 4.3. Let V and W be optimal prefix-free machines. Then the computation from Pf (ily) 
to doml^ is unidirectional and the computation from domPF to Y'i[Vtv) is also unidirectional. 

Proof. Let V and W be optimal prefix- free machines. For arbitrary order functions / and g, assume 
that domVF is reducible to Pf(riv') in query size / and Pf(ily) is reducible to domVK in query 
size g. It follows from the implication (i) =?■ (ii) of Theorem 14.21 that there exists c E N for which 
^ ^ /('^) + c for all n G N. On the other hand, it follows from the implication (i) =^ (ii) of 
Theorem 14.11 that E^q 2"~^("') < oo and therefore lim„_j.oo ^'(n) — n = cxo. Since g is an order 
function, we have g{f{n)) — n > g{n — c) — [n — c) — c for all n > c. Thus, the computation from 
Pf(Oy) to domTI^ is unidirectional. On the other hand, we have f{g{n)) — n > g{n) — n — c for all 
n £ N. Thus, the computation from domVF to Pf(riv') is unidirectional. D 

4.1 The Proof of Theorem SH] 

Theorem 14.11 follows from Theorem 14.41 and Theorem 14.51 below, and the fact that fly is a weakly 
Chaitin random r.e. real for every optimal prefix-free machine V. 

Theorem 4.4. Let a be an r.e. real, and let V be an optimal prefix-free machine. For every total 
recursive function / : N ^ N, if X^n^o 2"~'^'"' < oo, then there exists c € N such that Pf (a) is 
reducible to douiV in query size f{n) + c. D 

Theorem 4.5. Let a be a real which is weakly Chaitin random, and let V be an optimal prefix- 
free machine. For every order function f, i/ Pf (a) is reducible to domF in query size f then 
E"=o2""-^^"^ <oo. D 

We first prove Theorem 14.41 For that purpose, we need Theorems 14.61 and 14.81 below. 
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Theorem 4.6 (Kraft-Chaitin Theorem, Chaitin [8]). Let /: N — ?• N 6e a total recursive function 
such that XlnLo S"-* '-"'•* < 1. Then there exists a total recursive function 51 : N — >■ {0, 1}* such that (i) 
g is an injection, (ii) the set {g{n) \ n G N} is prefix-free, and (Hi) \g{n)\ = f{n) for all n G N. D 

We refer to Theorem 14.71 below from Tadaki [25j. Theorem 14.81 is a restatement of it. 

Theorem 4.7 (Tadaki [25] )• ^^^ ^ ^^ ^'^ optimal prefix-free machine. Then, for every prefix-free 
machine F there exists li G N such that, for every p G {0, 1}*, if p and the list of all halting inputs 
for V of length at most \p\ + d are given, then the halting problem of the input p for F can be 
solved. D 

Theorem 4.8. Let V be an optimal prefix-free machine. Then, for every prefix-free machine F 
there exists d G N such that douiF is reducible to douiV in query size n + d. D 

Based on Theorems 14.61 and 14.81 Theorem 14.41 is then proved as fohows. 



Proof of Theorem \4.4\ Let a be an r.e. real, and let V be an optimal prefix-free machine. For an 
arbitrary total recursive function /: N — >■ N, assume that X^^q 2'^~^^^' < 00. In the case of a G Q, 
the result is obvious. Thus, in what follows, we assume that a ^ Q and therefore the base-two 
expansion of a — [a\ is unique and contains infinitely many ones. 

Since Er=o2""^^''^ < 00, there exists do G N such that X;r=o 2""-''^"^"'^° < 1- Hence, by the 
Kraft-Chaitin Theorem, i.e.. Theorem 14. 6^ there exists a total recursive function g:'N^^ {0,1}* 
such that (i) the function g is an injection, (ii) the set {g{n) \ n G N} is prefix-free, and (iii) 
|(7(n)| = f{n) — n-\-do for all n G N. On the other hand, since a is r.e., there exists a total recursive 
function /i: N — > Q such that h{k) < a for all /c G N and limfc_>.oo h{k) = a. 

Now, let us consider a prefix-free machine F such that, for every n G N and s G {0,1}*, 
g{n)s G domF if and only if (i) \s\ = n and (ii) O.s < h{k) — [aj for some A; G N. It is easy to see 
that such a prefix-free machine F exists. We then see that, for every n G N and s G {0, 1}", 

g{n)s G douiF if and only if s < a\n, (3) 

where s and a\n are regarded as a dyadic integer. Then, by the following procedure, we see that 
Pf(a) is reducible to domF in query size /(n) + do- 
Given t G {0, 1}*, based on the equivalence ([3]), one determines a\n by putting the queries g{n)s 
to the oracle domF for all s G {0, 1}"", where n = \t\. Note here that all the queries are of length 
/(n) + do, since \g{n)\ = f{n) — n + do- One then accepts if t = a\n and rejects otherwise. 

On the other hand, by Theorem l4.8l there exists d G N such that dom F is reducible to dom V in 
query size n-\-d. Thus, by Proposition l3.1l (i). Pf(a) is reducible to domF in query size /(n) + do + d, 
as desired. D 

We next prove Theorem 14. 5i For that purpose, we need Theorem 12.11 and the Ample Excess 
Lemma below. 

Theorem 4.9 (Ample Excess Lemma, Miller and Yu [15]). For every a G M, a zs weakly Chaitin 
random if and only if X^^x 2"~^("l^") < 00. D 



Proof of Theorem \4-5[ Let a be a real which is weakly Chaitin random, and let V be an optimal 
prefix-free machine. For an arbitrary order function /, assume that Pf(a) is reducible to domT/ in 
query size /. Since / is an order function, 5/ = {n G N | /(n) < f{n + 1)} is an infinite recursive 
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set. Therefore there exists an increasing total recursive function /i: N — )• N such that /i(N) = Sf. 
It is then easy to see that f{n) = f{h{k + 1)) for every k and n with h(k) < n < h(k + 1). Thus, 
for each fe > 1, we see that 



h{k) k-l h{j+l) k-1 /i(i+l) 

n=/i(0)+l j=On=h{j)+l j=0 n=h{j)+l 

k—1 k 

i=o i=i 



(4) 



On the other hand, let M be a deterministic Turing machine which computes V . For each 
fi > Lm, we choose a particular pn from /]J^. Note that, given (n,pj(„)) with /(n) > Lm-, one 
can calculate the finite set (ioTa.V\fin) by simulating the computation of M with the input q until 
at most the time step TM{pf{n)), for each q € {0,1}* with \q\ < f{n). This can be possible 

because TM{Pf(n)) = ^m fo'^ every n G N with /(n) > La/. Thus, since Pf(a) is reducible to 
domT/ in query size / by the assumption, we see that there exists a partial recursive function 
*: N X {0, 1}* -^ {0, 1}* such that, for all n G N with f{n) > Lm, ^(n,pj(„)) = aU- It follows 
from the optimality of U that H{a\n) < H{n,pf(^n)) + 0(1) foi' all n € N with /(n) > Lm- On the 
other hand, since the mapping N 9 A; i-^ f{h{k)) is an increasing total recursive function, it follows 
also from the optimality of U that H{h{k), s) < H{f{h{k)), s) + 0(1) for all A; G N and s G {0, 1}*. 
Therefore, using Theorem 12.11 we see that 

H{a\h(k))<f{h{k)) + 0{1) (5) 



for all fc G N. Since a is weakly Chaitin random, using the Ample Excess Lemma, i.e.. Theorem 14. 9 
we have X^n^i 2"" '"^"-^ < cxd. Note that the function h is injective. Thus, using ([5]) we have 



oo oo 



y^ 2''(J')-^(''(J')) < y^2''(j')-^("fMj))+C(l) < sr^ ^n-H{aU)+0(l) ^ ^_ 



n=l 



It follows from (gD that hmfc^oo En2(o)+i 2""^^") < oo. Thus, since 2"-^(") > for all n G N and 
Ivcuk-^oo h{k) = oo, we have Yl'^=o 2"~-^(") < oo, as desired. D 

4.2 The Proof of Theorem 14:2] 

The implication (ii) =?■ (i) of Theorem 14.21 follows immediately from Proposition 13.51 and Proposi- 
tion [3T] (ii) . On the other hand, the implication (i) =^ (ii) of Theorem 14.21 is proved as follows. 



Proof of (i) =^ (ii) of Theorem \4-^ Let V and W be optimal prefix-free machines, and let / be an 
order function. Suppose that there exists c G N such that dom W is reducible to Pf (fiy) in query size 
f{n)+c. Then, by considering the following procedure, we first see that n < H{n, r2v't/(n)+c) + 0(l) 
for all n G N. 

Given n and ^v\f(n)+c, one first calculates the finite set doml^f„. This is possible since domM^ 
is reducible to Pf(riy) in query size /(n) -|- c and f{k) < f{n) for all k <n. Then, by calculating 
the set { VF(p) | p G domM^f„} and picking any one finite binary string s which is not in this set, 
one can obtain s G {0, 1}* such that n < Hw{s). 
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Thus, there exists a partial recursive function \I' : N x {0, 1}* — t- {0, 1}* such that, for all n € N, 
n < i7vi/(^(n, ^v\f{n)+c))- It follows from the optimality of W that 

n<H{n,Qv\nn)+c) + 0{l) (6) 

for all n G N. 

Now, let us assume contrarily that the function n — f{n) of n € N is unbounded. Recall 
that / is an order function. Hence it is easy to show that there exists a total recursive function 
5: N — )• N such that the function f{g{k)) of k is increasing and the function g{k) — f{g[k)) of k is 
also increasing. For clarity, we define a total recursive function m: N ^ N by m{k) = f(g{k)) + c. 
Since m is injective, it is then easy to see that there exists a partial recursive function $: N ^ N 
such that ^{m{k)) = g{k) for all A; G N. Therefore, based on the optimality of U, it is shown that 
H{g{k),nv\mik)) < H{nv\m(k)) + 0(1) for ah A; G N. It follows from ([6]) that g{k) < H{VLv\ra{k) 
) + 0(1) for ah /c G N. On the other hand, we can show that H{s) < \s\ + H{\s\) + 0(1) for 
ah s G {0, 1}*. Therefore we have g{k) - f{g{k)) < H{m{k)) + 0(1) for ah A: G N. Then, since 
the function g{k) — f{g{k)) of k is unbounded, it is easy to see that there exists a total recursive 
function G: N^ -^ N such that, for every / G N"*", / < H{Q{1)). It follows from the optimality of U 
that I < H{1) + 0(1) for all I G N+. On the other hand, we can show that H{1) < 2 logs ^ + 0(1) 
for all / G N+. Thus we have / < 2 logs ' + 0{1) for all / G N+. However, we have a contradiction 
on letting / ^ 00 in this inequality. This completes the proof. D 

5 T-Convergent R.E. Reals 

Let T be an arbitrary computable real with < T < 1. The parameter T plays a crucial role in the 
present paperO In this section, we investigate the relation of T-convergent r.e. reals to the halting 
problems. In particular, Theorem 15.71 below is used to show Theorem 16.11 in the next section, and 
plays a major role in establishing the bidirectionality in the next section. On the other hand. 
Theorem 15.51 below is used to show Theorem 16.21 in the next section. 

Recently, Calude, Hay, and Stephan [3] showed the existence of an r.e. real which is weakly 
Chaitin T-random and strictly T-compressible, in the case where T is a computable real with 
< T < 1, as follows. 

Theorem 5.1 (Calude, Hay, and Stephan [4]). Suppose that T is a computable real with < T < 1. 
Then there exist an r.e. real a G (0, 1) and d G N such that, for all n G N^, \H{a\n) — Tn\ < d. D 

We first show that the same r.e. real a as in Theorem 15.11 has the following property. 

Theorem 5.2. Suppose that T is a computable real with < T < 1. Let V be an optimal prefix- 
free machine. Then there exists an r.e. real a G (0, 1) such that a is weakly Chaitin T-random and 
Pf(a) is reducible to domy in query size [TnJ + 0(1). D 

Calude, et al. j4| use Lemma r5.3l below to show Theorem 15. 11 We also use it to show Theorem l5.21 
We include the proof of Lemma 15.31 in Appendix [B] for completeness. 

Lemma 5.3 (Reimann and Stephan [18] and Calude, Hay, and Stephan [1]). Let T he a real with 
T > 0, and let V be an optimal prefix-free machine. 



^ The parameter T corresponds to the notion of "temperature" in the statistical mechanical interpretation of AIT 
introduced by Tadaki [23] . 
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(i) Suppose that T < 1. Then there exists c E N^ such that, for every s G {0,1}*, there exists 
t G {0, l}'^ for which Hv{st) > Hv{s) + Tc. 

(a) There exists c G N+ such that, for every s G {0,1}*, Hy^s^'^) < Hy{s) + Tc — 1 and 
Hv{sl^)<Hv{s) + Tc-l. U 

The proof of Theorem 15.21 is then given as follows. 

Proof of Theorem, \5.<A Suppose that T is a computable real with < T < 1. Let V be an optimal 
prefix- free machine. Then it follows from Lemma 15.31 that there exists c G N"*" such that, for every 
s G {0, 1}*, there exists t G {0, l}'^ for which 

Hv{st)>Hv{s) + Tc. (7) 

For each prefix-free machine G and each s G {0, 1}*, we denote by S{G; s) the set 

{ u G {0, l}l"l+'= I s is a prefix of -u & Hg{u) >T\u\}. 

Now, we define a sequence {ajfc}^^^ of finite binary strings recursively on fc G N by a^ := A 
if /c = and a^ := inmS(y;ak-i) otherwise. First note that oq is properly defined as A and 
therefore satisfies Hv{ao) > T|ao|. For each A; > 1, assume that oq, ai, 02, . . . ,afc_i are properly 
defined. Then Hy{ak^i) > T |afc_i| holds. It follow from ([7|) that there exists t G {0, 1}*^ for which 
Hv{ak-^it) > Hviak-i) + Tc, and therefore a^^ it G {0, l}l"'=-il+'= and Hviok-it) > r|afc-it|. Thus 
S{V; Ofc-i) 7^ 0, and therefore Ofc is properly defined. Hence, Ok is properly defined for every fc G N. 
We thus see that, for every /c G N, Ofc G {0,1}'^'^', Hv{ak) > T\ak\, and Ofc is a prefix of ak+i- 
Therefore, it is easy to see that, for every m G N"^, there exists /c G N such that a^ contains m 
zeros. Thus, we can uniquely define a real a G [0, 1) by the condition that a\ck= «fc for all k G N"*". 
It follows that Hv{oi\ck) > T\a\ck\ for all k G N"*". Note that there exists do G N such that, for 
every s,t G {0,1}*, if |t| < c then \Hv{st) — Hv{s)\ < do. Therefore, there exists di G N such 
that, for every n G N"*", Hv{a\n) > Tn — di, which implies that a is weakly Chaitin T-random and 
therefore a G (0, 1). 

Next, we show that Pf(a) is reducible to domy in query size {Tn] + 0(1). For each A; G N, we 
denote by Fk the set {s G {0, 1}* | Hv{s) < [TcfcJ}. It follows that 

Qk = min{ u G {0, 1}'^" | fl/t-i is a prefix oi u k. u ^ Fk} (8) 

for every k G N^. By the following procedure, we see that Pf(a) is reducible to doml/ in query 
size [Tn\ +0(1). 

Given s G {0,1}* with s / A, one first calculates the k^ finite sets Fi,F2, . . . ,Ffcg, where 
^0 = ri-^l/c], by putting queries to the oracle domF. Note here that all the queries can be of 
length at most \T{\s\ +c)J. One then calculates ai, 02, . . . ,akQ in this order one by one from oq = X 
based on the relation ([8]) and Fi, F2, . . . , Fk^. Finally, one accepts s if s is a prefix of a^y and rejects 
otherwise. This is possible since atcfco= «fco ^^^ 1^1 ^ c/cq. 

Finally, we show that a is an r.e. real. Let pi,P2,P37 ■ ■ ■ be a particular recursive enumeration 
of the infinite r.e. set dom V. For each I G N^, we define a prefix-free machine F"-* by the following 
two conditions (i) and (ii): (i) douiV^''' = {pi,P2, ■ ■ ■ ,Pi}- {ii)V^^'{p) = V{p) for every p G douiV^^' . 
It is easy to see that such prefix-free machines V^^' , V^"^' , V^^' , . . . exist. For each / G N"^ and each 
s G {0,1}*, note that Hy(i){s) > Hy{s) holds, where Hy{i){s) may be 00. For each / G N, we 
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define a sequence {a^ }fcgN of finite binary strings recursively on A: G N by a^ := A if A; = and 
o^ := min(5(F'''; a^i^) U {al._^V}) otherwise. It follows that a^ is properly defined for every 
/c € N. Note, in particular, that a^ G {0, 1} and aj, is a prefix of o^l^ for every /c G N. 

Let I G N'^. We show that o^ < aj^ for every k G N^. To see this, assume that a^__^ = dk-i- 
Then, since Hy(i){s) > Hy{s) holds for every s G {0, 1}*, based on the constructions of a\. and 
Ofc from a\._i and flfe-i, respectively, we see that a^ < aj-. Thus, based on the constructions of 
{flfc jfceN and {afcjfcgN we see that a J < a^ for every k G N"*". 

We define a sequence {rfcjjtgN of rationals by r^ = O.a^ . Obviously, {rfcjfcgN is a computable 
sequence of rationals. Based on the result in the previous paragraph, we see that rj. < a for every 
k G N"*". Based on the constructions of prefix-free machines V^^' , V^"^' , V^^' , . . . from V , it is also 
easy to see that limj^^oo ^k = ct- Thus we see that a is an r.e. real. D 

Note that, using Theorem 12.11 and Theorem 15.21 we can give to Theorem 15.11 a different proof 
from Calude, et al. [3] as follows. 

Different Proof of Theorem \5.1\ from Calude, et al. ^. Suppose that T is a computable real with 
< T < 1. We choose a particular optimal prefix- free machine V and a particular deterministic 
Turing machine M such that M computes V. For each n with \Tri\ > Lm, we choose a partic- 
ular pn from Ij^^ ■ By Theorem 15.21 there exist an r.e. real a G (0,1), an oracle deterministic 
Turing machine Mq, and c G N such that a is weakly Chaitin T-random and, for all n G N^, 
Mq (n) = a \n-c- Then, by the following procedure, we see that there exists a partial 

recursive function ^: N x {0, 1}* — ^ {0, 1}* such that, for all n with \Tn] > Lm, 

^(n,p„) = aU-c. (9) 

Given {n,pn) with [Tn] > Lm, one first calculates the finite set domy["pT„-| by simulating the 
computation of M with the input q until at most the time step TM{Pn), for each q G {0, 1}* with 
\q\ < \Tn~\. This can be possible because TM{pn) = 2^,/ " for every n with \Tn\ > L]\j. One then 
calculates a\n-c by simulating the computation of Mq with the input n and the oracle domyfr-p^-i. 

It follows from ([9]) that 

H{a\n-c)<H{n,pn) + 0{l) (10) 

for all n with {Tri] > Lm- 

On the other hand, given iTri] with n G N+, one only need to specify one of [l/T] possibilities 
of n in order to calculate n, since T is a computable real and T 7^ 0. Thus, there exists a partial 
recursive function $: N+ x {0, 1}* x N"*" -^ N+ x {0, 1}* such that, for every n G N"*" and every 
p G {0,1}*, there exists k G N"^ with the properties that 1 < A: < [1/r] and $([rn],p, A;) = {n,p). 
It follows that H{n,p) < H{\Tn],p) + max{H{k) | A; G N+ & 1 < A: < [l/T] } + 0(1) for ah 
n G N^ and all p G {0, 1}*. Hence, using (llOp and Theorem 12.11 we have 

H{a\n-c) < H{\Tn],Pn) + 0(1) < \Tn] + 0(1) <Tn + 0(1) 

for all n with [Tn] > Lm- It follows that H{a\n) < Tn -|- 0(1) for all n G N+, which implies that 
a is strictly T-compressible. This completes the proof. D 

Using Theorem 12.61 and Theorem 15.11 we can prove the following theorem. 
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Theorem 5.4. Suppose that T is a computable real with < T < 1. For every r.e. real (3, if (3 is 
T-convergent then (3 is strictly T -compressible. 

Proof. Suppose that T is a computable real with < T < 1. It follows from Theorem 15.11 that 
there exists an r.e. real a such that a is weakly Chaitin T-random and 

H{a\n)<Tn + 0{l) (11) 

for all n E N+. Since a is weakly Chaitin T-random, using the implication (i) =^ (iii) of Theorem 12. 61 
we see that, for every T-convergent r.e. real /3, there exists d G N such that, for all n € N"*", H{f3\n 
) < H{a\n) + d. Thus, for each T-convergent r.e. real /3, using ([TT]) we see that H{l3\n) < Tn + 0(1) 
for all n € N"*", which implies that /? is strictly T-compressible. D 

Using Theorem 7 of Tadaki [26] , Theorem 15.41 and Theorem 12.41 (i) , we can prove the following 
theorem. 

Theorem 5.5. Suppose that T is a computable real with < T < 1. Let V be an optimal prefix-free 
machine. Then there exists d € N such that, for all n G N^, \H{Zy{T)\n) — Tn\ < d. 

Proof. Suppose that T is a computable real with < T < 1. Let V be an optimal prefix- free ma- 
chine. By Theorem 7 of Tadaki [26], Zv{T) is a T-convergent r.e. real. It follows from Theorem 15.41 
that Zv{T) is strictly T-compressible. On the other hand, by Theorem 12.41 (i). ZyiT) is weakly 
Chaitin T-random. This completes the proof. D 

Calude, et al. [3], in essence, showed the following result. For completeness, we include its proof. 

Theorem 5.6 (Calude, Hay, and Stephan ^). If a real (3 is weakly Chaitin T-random and strictly 
T-compressible, then there exists d>2 such that a base-two expansion of (3 has neither a run of d 
consecutive zeros nor a run of d consecutive ones. 

Proof. Let /3 be a real which is weakly Chaitin T-random and strictly T-compressible. Then there 
exists do G 1^ such that, for every n G N, 

\H{(3\n)-Tn\<do. (12) 

On the other hand, by Lemma FS.SK ii) we see that there exists c G N"*" such that, for every s G {0, 1}*, 
HisO") < H{s) + Tc-l and Hisl") < H{s)+Tc-l. We choose a particular /cq G N+ with k^ > 2d. 
Assume first that a base- two expansion of f3 has a run of cko consecutive zeros. Then /3 \ng 
0"'"' = /3\no+cko for some uq G N. Thus we have H{(3\no+cko) - T{no + c/cq) + ko < i?(/3f„J - Tuq, 
and therefore — \H{l3\no+cko) ~ T{no + cko)\ + ko < \H{l3\no) — Tno\ where we used the triangle 
inequality. It follows from ()12p that — do + Zco < do and therefore ko < 2dQ. This contradicts the fact 
that ko > 2d. Hence, a base-two expansion of /3 does not have a run of c/cq consecutive zeros. In a 
similar manner we can show that a base-two expansion of /3 does not have a run of cfco consecutive 
ones, as well. D 

Theorem 5.7. Suppose that T is a computable real with < T < 1. Let V be an optimal prefix-free 
machine. For every r.e. real (3, if j3 is T-convergent and weakly Chaitin T-random, then Pf(/3) is 
reducible to dom^ in query size [TnJ + 0(1). 
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Proof. Suppose that T is a computable real with < T < 1. Let V be an optimal prefix- free 
machine. Then, by Theorem l5.21 there exist an r.e. real a G (0, 1) and dg € N such that a is weakly 
Chaitin T-random and Pf(a) is reducible to domK in query size [Tn\ + do. Since a is an r.e. real 
which is weakly Chaitin T-random, it follow from the implication (i) =^ (ii) of Theorem 12.61 that a 
is f^(r)-like. 

Now, for an arbitrary r.e. real /3, assume that (3 is T-convergent and weakly Chaitin T-random. 
Then, by Theorem 15.41 /3 is strictly T-compressible. It follows from Theorem 15.61 that there exists 
c > 2 such that the base-two expansion of /3 has neither a run of c consecutive zeros nor a run 
of c consecutive ones. On the other hand, since the r.e. real a is weakly Chaitin T-random, 
from the definition of r2(T)-likeness we see that a dominates /?. Therefore, there are computable, 
increasing sequences {afcjfcgN and {6a;}a;gn of rationals and di G N such that limfc_>oo Ofc = « and 
limfc^oo bk = P and, for all fc G N, a - Ofc > 2~'^^ {j3 - bk) and [/3J = [bk\ . Let ^2 = di + c + 2. Then, 
by the following procedure, we see that Pf(/3) is reducible to domF in query size [T{n + d2)\ +dQ. 

Given s G {0,1}*, one first calculates aln+d2 by putting the queries t to the oracle domF, 
where n = \s\. This is possible since Pf(a) is reducible to dom^ in query size [TnJ + d^. Note 
here that all the queries can be of length at most [T{n + ^2)] + t?o- One then find /cq G N such 
that 0.{a\n+d2) < Ofco- This is possible since 0.{a\n+d2) < Oi and limfc_>.oo Ofc = 0. It follows that 
2-{n+d2) > Q, _ o.(atn+d2) > a - flfco > 2-'^i(/3 - 6fco)- Thus, < /3 - 6fe„ < 2-("+^+2)_ l^^ ^ ^^ ^.j^g 
first n + c + 2 bits of the base-two expansion of the rational number bk^ — L^fcoJ with infinitely many 
zeros. Then, | bk^ - [bko\ - O.i | < 2-('^+'=+2). It follows from | /? - L/3J - 0.{P\n+c+2) \ < 2-('^+^+2) 
that |0.(/3f„+,+2)-0.t„| < 3-2-("+^+2) < 2-("+^). Hence, | /3r„+,+2 -t | < 2^, where P\n+c+2 
and t in {0, l}"+^+2 a^-g regarded as a dyadic integer. Thus, t is obtained by adding to P\n+c+2 or 
subtracting from (3\ n+c+2 a 2 bits dyadic integer. Since the base- two expansion of (3 has neither a 
run of c consecutive zeros nor a run of c consecutive ones, it can be checked that the first n bits 
of t equals to /3f„. Thus, one accepts s if s is a prefix of t and rejects otherwise. Recall here that 

\s\ = n. n 

6 Bidirectionality 

In this section we show the bidirectionality between Zu{T) and domt/ with a computable real 
T G (0, 1) in a general setting. Theorems 16.11 and 16.21 below are two of the main results of this 
paper. 

Theorem 6.1 (elaboration of Zu{T) <wtt domf/). Suppose that T is a computable real with 
< T < 1. Let V and W be optimal prefix- free machines, and let f be an order function. Then 
the following two conditions are equivalent: 

(i) Pf(Zv'(T)) is reducible to domVF in query size f{n) + 0(1). 

(ii) Tn</(n) + 0(l). D 

Theorem 6.2 (elaboration of douiU <wtt Zu{T)). Suppose that T is a computable real with 
< T < 1. Let V and W be optimal prefix-free machines, and let f be an order function. Then 
the following two conditions are equivalent: 

(i) doml^ is reducible to Pf(Zv(T)) in query size f{n) + 0(1). 
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(ii) n/T <f{n) + 0{l). D 

Theorem 16.11 and Theorem 16.21 are proved in Subsection 16.11 and Subsection 16.21 below, respec- 
tively. Note that the function Tn in the condition (ii) of Theorem 16.11 and the function n/T in the 
condition (ii) of Theorem 16.21 are the inverse functions of each other. This implies that the compu- 
tations between Pf (Zy(T)) and domVF are bidirectional in the case where T is a computable real 
with < T < 1. The formal proof is as follows. 

Theorem 6.3. Suppose that T is a computable real with < T < 1. Let V and W he optimal 
prefix-free machines. Then the computations between Pf(Zy(T)) and domH^ are bidirectional. 

Proof. Let V and W be optimal prefix-free machines. It follows from the implication (ii) ^ (i) 
of Theorem 16.21 that there exists c € N for which domVF is reducible to Pf(Zv(r)) in query 
size / with f{n) = \n/T\ + c. On the other hand, it follows from the implication (ii) => (i) of 
Theorem 16.11 that there exists d G N for which Pf(Zy(r)) is reducible to domVl^ in query size g 
with g{n) = \Tn\ + d. Since T is computable, / and g are order functions. For each n G N, we 
see that g{f{n)) < Tf{n) + d < n + Tc + d. Thus, the computation from Pf(i7y) to domI4^ is not 
unidirectional. In a similar manner, we see that the computation from domVF to Pf(r2y) is not 
unidirectional. This completes the proof. D 

6.1 The Proof of Theorem \6A] 

Let T be a computable real with < T < 1, and let V be an optimal prefix- free machine. Then, by 
Theorem 7 of Tadaki [26], Zv{T) is a T-convergent r.e. real. Moreover, by Theorem 12.41 (i). Zv{T) 
is weakly Chaitin T-random. Thus, the implication (ii) => (i) of Theorem 16.11 follows immediately 
from Theorem 15.71 and Proposition 13.11 (ii). 

On the other hand, the implication (i) =^ (ii) of Theorem 16.11 follows immediately from Theo- 
rem 12.41 (i) and Theorem 16.41 below. In order to prove Theorem 16.41 we use Theorem 12. Ii 

Theorem 6.4. Suppose that T is a computable real with < T < 1. Let 13 be a real which is 
weakly Chaitin T-random, and let V be an optimal prefix-free machine. For every order function 
f, i/Pf(/3) is reducible to douiV in query size f then Tn < f{n) + 0(1). 

Proof. Suppose that T is a computable real with < T < 1. Let /? be a real which is weakly 
Chaitin T-random, and let V be an optimal prefix- free machine. For an arbitrary order function /, 
assume that Pf(/3) is reducible to doml/ in query size /. Let M be a deterministic Turing machine 
which computes V . For each n with /(n) > Lm, we choose a particular pn from I^j . Then, by the 
following procedure, we see that there exists a partial recursive function ^: N x {0, 1}* — )• {0, 1}* 
such that, for all n with /(n) > Lm, 

^in,p„)=P\n. (13) 

Given {n,pn) with /(n) > Lm, one first calculates the finite set doniV\f(^n) by simulating the 
computation of M with the input q until at most the time step TM{pn), for each q € {0, 1}* with 
kl < /('T')- This can be possible because TM{pn) = 2^m foi' every n with /(n) > Lm- One then 
calculates f3\n using doniV\f(^n) ^^'^ outputs it. This is possible since Pi{(3) is reducible to domF 
in query size /. 
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It follows from ()13p that 

H{pU)<H{n,Pn) + 0{l) (14) 

for all n with f{n) > Lm- 

Now, let us assume contrarily that the function Tn — f{n) of n € N is unbounded. Recall that / 
is an order function and T is computable. Hence it is easy to show that there exists a total recursive 
function (/: N — t- N such that the function f{g{k)) of k is increasing and the function Tg{k) — f{g{k)) 
of k is also increasing. Since the function f{g{k)) of k is injective, it is then easy to see that there 
exists a partial recursive function $: N — >■ N such that ^{f{g{k))) = g{k) for all /c E N. Thus, 
based on the optimality of U , it is shown that H[g{k), s) < H(f{g{k)), s) + 0(1) for all A; G N and 
s e {0,1}*. Hence, using dH]) and TheoremOwe have H{/3\g(^k)) < H{f{g{k)),Pg(^k^) + 0(1) < 
f{g{k)) + 0(1) for all k with f{g{k)) > Lm- Since /3 is weakly Chaitin T-random, we have 
Tg{k) < H{/3\g(^k)) + 0{l) < f{g{k)) + 0{l) for ah k with f{g{k)) > Lm- However, this contradicts 
the fact that the function Tg{k) — f{g{k)) of k is unbounded, and the proof is completed. D 

6.2 The Proof of Theorem 16:2] 

The implication (i) ^ (ii) of Theorem 16.21 can be proved based on Theorem 15.51 as follows. 

Proof of (i) =^ (ii) of Theorem \6.^ In the case of T = 1, the implication (i) =^ (ii) of Theorem 16.21 
results in the implication (i) =^ (ii) of Theorem 14.21 Thus, we assume that T is a computable real 
with < T < 1 in what follows. Let V and W be optimal prefix-free machines, and let / is an order 
function. Suppose that there exists c G N such that domVF is reducible to Y'i{Zy{T)) in query size 
/(n) + c. Then, by considering the following procedure, we first see that n < H{n, Zy(T) |'/(n)+c 
) + 0(1) for all n G N. 

Given n and .^i/(^) r/(n)+ci one first calculates the finite set domiy|"„. This is possible since 
domPF is reducible to Pf(Zy(r)) in query size /(n) + c and f{k) < f{n) for all k < n. Then, by 
calculating the set { VF(p) \ p & domP^|~„} and picking any one finite binary string s which is not 
in this set, one can obtain s G {0, 1}* such that n < H]y{s). 

Thus, there exists a partial recursive function ^ : N x {0, 1}* — )■ {0, 1}* such that, for all n G N, 
n < Hwi'^in, Zv{T)\j^(^n)+c))- It follows from the optimality of W that 



n 



<F(n,Zv.(T)f^(„)+J + 0(l) (15) 



for all n G N. 

Now, let us assume contrarily that the function n/T — f{n) of n G N is unbounded. Recall 
that / is an order function and T is computable. Hence it is easy to show that there exists a total 
recursive function (7: N — > N such that the function f[g{k)) of k is increasing and the function 
g{k)/T — f{g(k)) of k is also increasing. For clarity, we define a total recursive function m: N — )• N 
by m{k) = f{g{k)) + c. Since m is injective, it is then easy to see that there exists a partial recursive 
function <I>: N — ?• N such that ^{m{k)) = g{k) for all A; G N. Therefore, based on the optimality of 
U, it is shown that H{g{k), Zv{T)\jn(k)) < H{Zv{T)\^(^i^^) + 0(1) for all k £ N. It follows from 
(J15p that g(k) < //(Zy(T)f,^(fc)) + 0(1) for all A; G N. On the other hand, since T is a computable 
real with < T < 1, it follows from Theorem [53] that H{Zv{T) [„) < Tn + 0(1) for all n G N. 
Therefore we have g{k) < Tf{g{k)) + 0(1) for all A; G N. However, this contradicts the fact that 
the function g{k)/T — f{g{k)) of k is unbounded, and the proof is completed. D 
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On the other hand, the imphcation (ii) ^ (i) of Theorem 16.21 follows immediately from Theo- 
rem [63] below and Proposition 13.11 (ii). 

Theorem 6.5. Suppose that T is a computable real with < T < 1. Let V be an optimal prefix-free 
machine, and let F be a prefix-free machine. Then domF is reducible to Pf (Zy(T)) in query size 
\n/T^+0{l). 

Proof. In the case where domF is a finite set, the result is obvious. Thus, in what follows, we 
assume that domF is an infinite set. 

Let Po,pi,P2,P3, ■ ■ ■ be a particular recursive enumeration of domi*", and let G be a prefix-free 
machine such that doniG = domF and G{pi) = i for all i S N. Recall here that we identify {0, 1}* 
with N. It is also easy to see that such a prefix-free machine G exists. Since V is an optimal 
prefix-free machine, from the definition of optimality of a prefix-free machine there exists d G N 
such that, for every i S N, there exists q € {0, 1}* for which V{q) = i and \q\ < \pi\+ Td. Thus, 
Hv{i) < \Pi\ + Td for every i G N. For each s G {0,1}*, we define Zv{T;s) as Ev{p)=s 2"'*''/'^. 
Then, for each i G N, 

Zv{T] i) > 2-^^W/^ > 2-Ip^I/^-'^. (16) 

Then, by the following procedure, we see that domF is reducible to Pf(Zy(T)) in query size 
\n/T] + d. 

Given s G {0,1}*, one first calculates Zv{T) |'[„/T]+d by putting the queries t to the oracle 
Pf(Zy(T)) for all t G {0,1}^"/^^+'^, where n = \s\. Note here that all the queries are of length 
\n/T~\ + d. One then find /cg G N such that 'Ylii=Q'^v{T]i) > 0.{Zv{T)\^n/T]+d)- This is possible 

because 0.{Zv{T)\^n/T^+d) < Zv{T), limfc^oo X]i=o ■^V'(2^;*) = Zv{T), and T is a computable real. 
It follows that 

OO ke 

Y, Zv{T;i) = Zv{T)-J2Zv{T;i) < Zy(r) - 0.(Zy(T)rr,/Ti+d) 

i=ke+l i=0 

^ 2-\n/T']-d ^ n-"/^-'^ 



^ 2-\pMt ^^d Y^ Zv{T-i)<2~^/^. 

i=ke+l i=ke+l 



Therefore, by (fl6 



It follows that, for every i > ke, 2~Ip»I/^ < 2""'/-^ and therefore n < \pi\. Hence, domFI"„= {pi\i < 
ke ^ \pi\ <n}. Thus, one can calculate the finite set domFf^. Finally, one accepts if s G domF|"„ 
and rejects otherwise. D 

7 Concluding Remarks 

Suppose that T is a computable real with < T < 1. Let V be an optimal prefix- free machine. It 
is worthwhile to clarify the origin of the difference of the behavior of Zy{T) between T = 1 and 
T < 1 with respect to the notion of reducibility in query size /. In the case of T = 1, the Ample 
Excess Lemma |15j (i.e.. Theorem 14. 9p plays a major role in establishing the unidirectionality of 
the computation from i7y to doml/. However, in the case of T < 1, this is not true because the 
weak Chaitin T-randomness of a real a does not necessarily imply that Y^^=i 2-^""^^"^"-* < oo [18]. 
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On the other hand, in the case of T < 1, Lemma 15.31 (i) plays a major role in establishing the 
bidirectionality of the computations between Zy{T) and doml/. However, this does not hold for 
the case of T = 1. 
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A The proof of Theorem 12.11 

We here prove Theorem 12. li For that purpose, we need Lemma lA.ll below. Let V be an optimal 
prefix-free machine, and let M be a deterministic Turing machine which computes V throughout 
this Appendix lAl 

Lemma A.l. There exists d G N such that, for every p € domF, there exists q £ domF for which 
\q\ <\p\+d and Tj^iq) > Tm{p). 

Proof. Consider the prefix-free machine F such that (i) doniF = doml/ and (ii) for every p € 
domy, F{p) = \^\p\~^^m(p)+'^ _ j^ ig easy to see that such a prefix-free machine F exists. Then, since 
V is an optimal prefix-free machine, from the definition of an optimal prefix-free machine there 
exists di S N with the following property; if p G domF, then there is q for which V{q) = F{p) and 
\q\ < \p\ +di. 

Thus, for each p £ doml/ with \p\ > di, there is q for which V{q) = F[p) and \q\ < \p\ + di. It 
follows that 

\V{q)\ =2\p\+ Tm{p) + 1 > IpI + di + Tm{p) > \q\ + Tm{p). (17) 

Note that exactly \q\ cells on the tapes of M have the symbols or 1 in the initial configuration of 
M with the input g, while at least |V^(q')| cells on the tape of M, on which the output is put, have 
the symbols or 1 in the resulting final configuration of M. Since M can write at most one or 1 
on the tape, on which an output is put, every one step of its computation, the running time TM{q) 
of M on the input q is bounded to the below by the difference |1^((7)| — \q\- Thus, by (fT7|l . we have 
TM{q) > Tm{p). 

On the other hand, since doml/ is not a recursive set, the function T„ of n > Lm is not 
bounded to the above. Therefore, there exists rg G domT/ such that, for every p € domi^ with 
\p\ < di, Tj\,f(?"o) > Tm{p)- By setting d2 = |ro| we then see that, for every p G domF with \p\ < di, 
\ro\ < \p\ +d2. 

Thus, by setting d = max{di,d2} we see that, for every p G doraV, there is q (z doraV for 
which |g| < \p\ + d and Tpiiq) > Tm{p)- This completes the proof. D 

Then the proof of Theorem 12.11 is given as follows. 

Proof of Theorem \2.1\ By considering the following procedure, we first show that n < H(n,p) + 
0(1) for all {n,p) with n > Lm and p G I^- 

Given (n,p) with n > L^ and p G 1]^^, one first calculates the finite set domFf^ by simulating 
the computation of M with the input q until at most Tm{p) steps, for each q G {0, 1}* with \q\ < n. 
Then, by calculating the set { V{q) \ q G domFf^} and picking any one finite binary string s which 
is not in this set, one can obtain s G {0, 1}* such that n < Hv{s). 
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Hence, there exists a partial recursive function ^ : N^ x {0,1}* — ?• {0,1}* such that, for all 
{n,p) with n > Lm and p € I^j, n < Hvi'^iriyp)). It follows from the optimality of V and U that 
n < H{n,p) + 0(1) for all {n,p) with n > Lm and p S /]^. 

We next show that H{n,p) < H{p) + 0(1) for all {n,p) with n > Lm and p € I^^. From 
Lemma lA.ll we first note that there exists (i G N such that, for every p G doml/, there exists 
q E domy for which \q\ < \p\ + d and TM{q) > Tm{p)- Then, for each (n,p) with n > Lm and 
p € /]Jj, IpI < n due to the definition of I'^, and also there exists q G doraV for which \q\ <\p\+d 
and TM{q) > Tm{p)- Note here that TM{q) > T^ due to the the definition of I^^ again, and 
therefore \q\ > n due to the definition of T^j. Thus \p\ < n < \p\ + d and d > 1. Hence, given p 
such that n > Lm and p G /]J;j, one needs only [log2 d] bits more to determine n, since there are 
still only d possibilities of n, given such a string p. 

Thus, there exists a partial recursive function $: {0, 1}* x {0, 1}* — )■ N+ x {0, 1}* such that, 
for every {n,p) with n > Lm and p € /]^, there exists s € {0,1}* with the properties that 
\s\ = [log2(il and <&(p, s) = {n,p). It follows that H{n,p) < H {p) + maxlH (s) | s € {0, 1}* &: |s| = 
|'log2(i]} + 0(1) for ah (n,p) with n > L]\j and p G /]J^. 

Finally, we show that H{p) < n + 0(1) for all {n,p) with n > Lm and p € I'^f. Let us 
consider the prefix-free machine F such that (i) domF = doml/ and (ii) for every p £ douiV, 
F[p) = p. Obviously, such a prefix-free machine F exists. Then we see that, for every p G doraV, 
H{p) < IpI + 0(1). For each (n,p) with n > Lm and p G I^, it follows from the definition of I^f 
that p E domF and \p\ < n, and therefore we have H{p) < \p\ + 0(1) < n + 0(1). This completes 
the proof. D 

B The proof of Lemma 15.31 

Proof of Lemma 15.31 Let T be a real with T > 0, and let V be an optimal prefix-free machine. 
(i) Chaitin [8] showed that 

H{s,t) = H{s) + Hit/s) + 0{l) (18) 

for all s,t € {0, 1}*. This is Theorem 3.9. (a) in |8j. For the definition of H{s/t), see Section 2 of 
Chaitin [8]. We here only use the property that, for every s G {0, 1}* and every n € N, there exists 
t € {0, 1}" such that 

H{t/s) > n. (19) 

This is easily shown from the definition of H{t/s) by counting the number of binary strings of 
length less than n. 

On the other hand, it is easy to show that 

H{st,\t\) = H{s,t) + Oil) (20) 

for ah s,t G {0,1}*. Since H{st)+H{\t\) > H{st,\t\) - 0(1) for all s,t G {0,1}*, it follows from 
(pO|) . (fTHj) . and ([T9|) that there exists d G N such that, for every s G {0, 1}* and every n G N, there 
exists t G {0, 1}"" for which H{st) > H{s) + n — H{n) — d. Using the optimality of U and V, we 
then see that there exists d' G N such that, for every s G {0, 1}* and every n G N, there exists 
t G {0, 1}" for which 

Hv{st)>Hv{s) + n-H{n)-d'. (21) 
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Now, suppose that T < 1. It follows from the optimality of U that H(n) < 21og2 n + 0(1) for 
all n G N+. Therefore there exists c E N+ such that (1 - T)c - H{c) - d' > 0. Hence, by (i2T]l 
we see that there exists c € N"*" such that, for every s G {0, 1}*, there exists t E {0, 1}'^ for which 
Hv{st) >Hv{s)+Tc. 

(ii) Since V is optimal, it is easy to show that there exists (i € N such that, for every s € {0, 1}* 
and every n € N, 

Hv{sV)<Hv{s) + H{n) + d. ^ ^ 

Since T > 0, it follows from the optimality of U that there exists c G N'^ such that H{c)+d < Tc—1. 
Hence, by (|22]) we see that there exists c € N~^ such that, for every s G {0,1}*, Hv{sO^) < 
Hv{s) + Tc - 1 and Hvi-sl") < Hv{s) + Tc - 1. D 
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